Abstract. By counting with triangles and the octohedral axiom, we find a direct way to construct the Ringel-Hall algebra associated to a triangulated category with (left) homological-finite condition. Our formula is a refinement of that in Peng-Xiao [5] and provides a modified version of Toën's formula in [7] .
Calculation with triangles
Given a finite field k with q elements, let C be a k-additive triangulated category with the translation T = [1] . We always assume in this paper that (1) the KrullSchmidt theorem holds in C, i.e., any object in C can be decomposed into the direct sum of finitely many indecomposable objects, (2) the homomorphism space Hom C (X, Y ) for any two objects X and Y in C is a finite dimensional k-space, and (3) the endomorphism ring EndX for any indecomposable object X is finite dimensional local k-algebra. Moreover, we always assume that C is (left) locally homological finite, i.e., i≥0 dim k Hom(X[i], Y ) < ∞ for any X and Y in C. We will use f g to denote the composition of morphisms f : X → Y and g : Y → Z, and |A| the cardinality of a finite set A.
The following is an easy result in [4] .
Lemma 1.1. Given a triangle of form
If f 2 = 0, then it is isomorphic to the triangle of form
where g 22 : N 2 → L 2 is an isomorphism and
is a triangle.
The lemma shows the triangle (1) is the direct sum of (3) and the following contractible triangle (also see [3] ):
Now we recall some notation in [5] . Given any object X, Y, Z, L, L ′ and M in C,
So we have the orbit space
Dually, we also have the action of Aut L on W (Z, L; M ).
(l, m, n)
We have the following diagram to help understanding (see [4] and [5] ).
Proof. Let X = i X i and Y = j Y j be the direct sums of indecomposable objects. For any indecomposable summands X i of X and Y j of Y, the morphism n induces the morphism n ij ∈ Hom(X i , Y j ). If n ij ∈ rad Hom(X i , Y j ) for all i, j, then n ∈ rad Hom(X, Y ). So we only need to take X 1 = Y 1 = 0. If there exist some isomorphism n ij , we may assume it is n 11 without loss of generality, then we have
The similar discussion works for n ′ 22 . By induction, we achieve the claim of the lemma.
has the representative of the form:
where
Proof. We only prove the first identity. It is similar to prove the second. Applying Hom(−, L) to the triangle
we get the long exact sequence
we have the identity in this lemma.
Remark 1.5. In particular, for any b ∈ AutL and d ∈ AutZ, we have
and the induced maps n 11 :
(n) contains no isomorphism component. The above decomposition only depends on isomorphism class of n up to an isomorphism. Let
, the elements α and n are determined to each other in V (Z, L; M ). We may denote by n = n(α).
The following is a refinement of Lemma 7.1 in [5] .
with respect to the above decompositions. Then we need
The morphism n 22 ∈ rad Hom(L 2 , Z 2 [1]) implies n 22 t 21 is nilpotent and 1−n 22 t 22 ∈ Aut L 2 . Hence, b ∈ Aut L if and only if 1 − n 11 t 11 ∈ Aut L 1 . We obtain
On the other hand, we have |nHom
, L)| by the above remark. We complete the proof of the proposition.
Dually, we also have
2. Hall algebra arising in a triangulated category Proposition 1.6 and Lemma 1.4 show the following identity
Since, by Lemma 1.4 and Remark 1.
, we have the following symmetric identity.
Proposition 2.1.
we will define an associative algebra arising from C. For any X ∈ C, we denote its isomorphism class by [X] . Let H be the Q-space with the basis {u [X] | X ∈ C}. We define
Since Hom(Y, X [1] ) is a finite set, the sum only has finite many nonzero summands.
, and Cone(f ) ∼ = Y }.
The group actions of Aut L and Aut
Applying Proposition 1.6 and its dual we have
This induces the following crucial identity.
Proposition 2.5. There exist bijections:
Proof. We only prove the first result. The second can be similarly proved. Recall the diagram (4) in Section 1. Given any ((f, g, h)
by the octohedral axiom, we obtain that there exists L ′ ∈ C and
. Hence, we may define the map by
For any c ∈ Aut Y and d ∈ Aut Z, then
This shows the map defined above is well-defined. By the above commutative diagram, we also can define the inverse map. We obtain the required bijection.
Proof. It follows from Lemma 1.4.
Theorem 2.7. The Q-space H is an associative algebra with the Q-basis {u [X] | X ∈ C}, the multiplication:
and the unit u 0 .
Proof. For X, Y, Z and M ∈ C, we need to prove
We know that
By Proposition 2.5 and Lemma 2.6, it equals
By Proposition 2.4, they equal to each other. We finish the proof of the theorem.
Toën's formula
In the last part of the paper we will explan that the multiplication formula in Theorem 2.7 is a modified form of Toën's formula in [7] . We denote by (Z, M ) L the subset of Hom(Z, M ) consisting of morphisms l : Z → M whose cone Cone(l) is isomorphic to L. There is a natural action of the group Aut Z on (Z, M ) L by d · l = dl, the orbit is denoted by l * and the orbit space is denoted by (Z, M ) * L . Dually We also have the subset (M, L) Z [1] of Hom(M, L) with the group action of Aut L and the orbit space (M, L) * Z [1] . Proposition 3.1. There exist bijections:
Proof. We have the natural surjections: 
Using (Tr3) in the triangulated category axioms, there exists an isomorphism d ∈ AutZ such that the above diagram commutative. So (l 2 , m, Using Theorem 2.7 and Proposition 3.1, we deduce the following Toën's formula (See [7] ). We finally obtain the main result in [7] .
Theorem 3.3. The space H is an associative algebra under the multiplication:
where g 
